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Abstract
This paper concerns the complex characters of 'nite semigroups. We begin by reducing the
general problem to the study of local monoids M =G ∪ J ∪{0}, where G is the unit group and
J is a regular J-class. Let H be a maximal subgroup of J . For a CH -module U with character
, let U˜ be the associated CM -module and let ˜ be the character of the CG-module U˜ . For
a CG-module V with character  , we construct a natural CH -module V∼ with character  ∼. We
prove the reciprocity theorem: 〈˜;  〉G = 〈;  ∼〉H . As a consequence we 'nd a characterization
of the J -cuspidal characters of G. We go on to interpret our results for groups, introducing the
concept of double parabolic induction. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: Primary 20M30; secondary 20C99
0. Introduction
Let S be a 'nite semigroup. The trace of a complex representation of S is called a
character. Every character of S is a sum of irreducible characters. We refer to [6,13]
for the general character theory of semigroups. Further progress was made by the
author [10,11]. The blocks and quivers of CS (when S is a regular monoid) were
determined in terms of irreducible characters. We were in particular able to 'nd the
irreducible characters and blocks of the complex algebra of the full transformation
semigroup.
The general problem then is to determine the irreducible characters of S. We begin
by reducing the problem to the situation when S = G ∪ J ∪ {0}, where G is the
unit group and J is a regular J-class. Let H be a maximal subgroup of J . For a
character  of H , we show that the semigroup induced character ˜ of G is a rational
linear combination of some explicitly given class functions a, a ∈ J . Moreover, the
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components of ˜ are exactly the components of a, a ∈ J . Proceeding in the opposite
direction, let  be the character of a CG-module V . Let  ∼ be the character of the
CH -module V∼ = e(A⊗CG V ), where A=CJ=rad CJ and e is the identity element of
H . We prove a Frobenius-type reciprocity theorem: 〈˜;  〉G = 〈;  ∼〉H . This allows us
to characterize the J -cuspidal characters of G. As another application we show that
the algebra of invariants of a 'nite idempotent-conjugate regular monoid with abelian
subgroups is a quasi-hereditary algebra.
Finally, we introduce the concept of double parabolic induction for groups. Let G
be a 'nite group with subgroups P; P− such that with L = P ∩ P−, P = Ln U and
P− = Ln U−. We are then able to associate with a character  of L, a character ˜
of G. If P−P = G, we show that ˜ is an explicitly given irreducible character of G
whenever  is an irreducible character of L.
1. Reduction to local monoids
Let S be a 'nite semigroup. We let J;R;L;H denote the usual Green’s relations
on S: if a; b ∈ S, then a Jb if S1aS1 = S1bS1, aRb if aS1 = bS1, aLb if S1a= S1b,
H=R ∩L. The J-classes of S are ordered as
J1 ≤ J2 if J1⊆ S1J2S1:
Let E(S) denote the idempotent set of S and E(X ) = X ∩ E(S) for X ⊂ S. E(S) is
ordered as
e1 ≤ e2 if e1e2 = e1 = e2e1:
A J-class J is regular if E(J ) = ∅. We then have the completely 0-simple semigroup
J 0 = J ∪ {0};
where for a; b ∈ J ,
a ◦ b=
{
ab if ab ∈ J;
0 if ab ∈ J:
If S =M is a monoid with unit group G, then the local monoid,
M (J ) = G ∪ J ∪ {0}: (1)
If M = M (J ), then we will say that M is a local monoid. We will say that J is
idempotent-conjugate if for all e; f ∈ E(J ), x−1ex = f for some x ∈ G. If this is
true for all regular J-classes of M , then we say that M is idempotent-conjugate. For
e ∈ E(J ), let
P = P(e) = {x ∈ G|xe = exe};
P− = P−(e) = {x ∈ G|ex = exe}:
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Let H = H (e) denote the H-class of e. We have homomorphisms  : P→H , − :
P−→H , given by
(p) = pe; −(q) = eq for p ∈ P; q ∈ P−:
If M (J ) is idempotent-conjugate then the above data determines the monoid completely
and we write M (J )=M (G; P; P−; H). Conversely given groups G;H , subgroups P; P−
of G, homomorphisms  : P→H , − : P−→H , agreeing on P∩P−, we can uniquely
construct an idempotent-conjugate local monoid M (G; P; P−; H). We refer to [9, Section
1] for details.
We are interested in the irreducible characters of a 'nite semigroup S. By de'nition
these are the characters of the complex irreducible representations of S. We now show
that the general problem reduces to studying the irreducible characters of local monoids.
By semigroup representation theory [1, Chapter 5], the irreducible CS-modules are
parametrized as follows. Let H be a maximal subgroup of S with identity e and let W
be an irreducible CH -module. Then there is a unique irreducible CS-module V such
that
1. eV ∼= W as CH -modules.
2. For a ∈ S; e ∈ SaS implies aV = 0.
Let  be the character of the CH -module W and let  be the character of the
CS-module V . We are interested in determining  . Let a ∈ S. Then for some positive
integer n; f=an ∈ E(S). If b=af, then as has been noted before [6,13],  (a)= (b).
If e ∈ SfS=SbS, then  (b)=0. So let e ∈ SfS. Then for some e′ ∈ E(S), eJe′ ≤ f.
Replacing H by H (e′), if necessary, we can assume that e ≤ f. Let M = fSf and
G its unit group. Thus G = H (f). Then CM = fCSf and V1 = fV is an irreducible
CM -module. If  1 is the character of the CM -module V1, then  (b)= 1(b). Moreover
eV1 = efV = eV =W:
The J-class J of e in M is the apex of the CM -module V1 in the sense of [1], and
hence V1 is also an irreducible CM (J )-module. Let  2 denote the character of the
CM (J )-module V1 and let ˜ denote the restriction of  2 to G. Then
 (a) =  (b) =  1(b) =  2(b) = ˜(b):
We have thus reduced the general problem of determining the irreducible character  
of S to that of determining the character ˜ of G. We note that ˜ depends only on 
and the local monoid M (J ). We call ˜ a semigroup-induced character of G. We will
determine ˜ in the next section.
2. Class functions and reciprocity
Let G be a 'nite group. Any complex-valued function on G extends by linearity
to CG and we do not distinguish between the two functions. Let Irr G, char G de-
note respectively the set of irreducible characters and the character ring of (virtual)
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characters of G. If P is a subgroup of G,  ∈ char P, then the (virtual) character
induced from P to G,
 ↑ G(g) = 1|P|
∑
x∈G
xgx−1∈P
(xgx−1):
See [2] for details. If ’;  are class functions of G, then the intertwining number,
〈’;  〉= 〈’;  〉G = 1|G|
∑
g∈G
’(g) (g):
Let M = M (J ) be a local monoid as in (1). Let e ∈ E(J ), H = H (e). Let R; L
denote the R and L-class of e, respectively. Let  ∈ Irr H . We wish to determine
the semigroup induced character ˜ of G. We have already shown in [10] that ˜ is
a summand of two explicitly given characters  +;  − of G. These characters are
constructed as follows. G acts on the left on the R-classes of J . Let P1; : : : ; Pr denote
the isotropy groups of the orbit representatives. Then  lifts to a character i of Pi,
i = 1; : : : ; r. Then the left-induced character
 + = 1 ↑ G + 2 ↑ G + · · ·+ r ↑ G:
Similarly the right-induced character  − is constructed by considering the right action
of G on the L-classes of J . We have used the characters  +;  −; ˜ in [11] to
construct the quivers and blocks of complex algebras of 'nite regular monoids.
Let r1; : : : ; rm denote the representatives of L-classes of R. Let l1; : : : ; ln denote the
representatives of the R-classes of L. So the sandwich matrix P = (rilj) is an m× n
matrix over H o⊆QH . Now QH is a direct sum of matrix algebras over division rings.
So row and column reducing P, yields an n×m matrix Q= (qji) over QH such that
PQP=P: (2)
We refer to [5,7] for details. Now CJ is a Munn algebra over CH with sandwich
matrix P, cf. [7, Chapter 5]. This means that CJ can be viewed as the algebra of
n× m matrices over CH with the multiplication twisted as
A ◦ B= APB: (3)
Let
qji =
∑
h∈H
(jihh ∈ QH: (4)
If a ∈ J , then a = ljhri for some i; j and some h ∈ H . Let (a = (jih ∈ Q. Then Q
corresponds to
)=
∑
a∈J
(aa ∈ QJ ⊆CJ: (5)
By (2)–(4), u)v= uv for all u; v ∈ CJ . Hence ) becomes the unity of the semisimple
algebra
A= CJ=rad CJ: (6)
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Let a ∈ J = LR. Then a = lr for some l ∈ L, r ∈ R. For a class function  of H ,
de'ne a class function a of G as
a(g) =
1
|G|
∑
x∈G
(rxgx−1l); g ∈ G: (7)
We note that rxgx−1l ∈ H o⊆CH . We also note that a is independent of the choice
of r and l. Let a= l1r1, l1 ∈ L, r1 ∈ R. Then l1 = lh, r1 =h−1r for some h ∈ H . Since
 is a class function of H ,
(r1xgx−1l1) = (h−1rxgx−1lh) = (rxgx−1l):
Hence a is independent of the choice of r and l.
Theorem 2.1. If  ∈ Irr H; then ˜=∑a∈J (aa.
Proof. Let  : CM (J )→Mr(C) denote the irreducible representation of M (J ) associ-
ated with . Here Mr(C) is the matrix algebra of r × r complex matrices. Then  (J )
spans Mr(C) and
(h) = tr  (h); h ∈ H: (8)
Let ) be as in (5). Then  ()) is the identity matrix. Hence for all g ∈ G,
˜(g) = tr  (g))
=
∑
i; j
tr  (gljqjiri) by (4); (5)
=
∑
i; j
tr  (rigljqji)
=
∑
i; j
(rigljqji) by (8):
Since ˜ is a character of G,
˜(g) =
1
|G|
∑
x∈G
˜(xgx−1)
=
1
|G|
∑
x∈G
∑
i; j
∑
h∈H
(jih(rixgx−1ljh)
=
∑
a∈J
(aa(g):
Thus ˜=
∑
a∈J (aa.
Corollary 2.2. If  is integer valued; then ˜ is integer valued.
Example 2.3. Let G = S3 so that Irr G = {[3]; [2; 1]; [13]}, corresponding to the three
partitions of 3. Let P = {1; (12)}, P− = {1; (23)}. Let H = {1; a; b; c} denote the Kein
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four group. De'ne homomorphisms  : P→H , − : P−→H as (12)= a; −(23)= b.
Let M (J ) =M (G; P; P−; H). Then
P=
 1 b 0a 0 c
0 c 1

is the sandwich matrix and PQP=P, where
Q=
1
4
 1 + c 3a− b −a− b3b− a 1− 3c 1 + c
−a− b 1 + c 1 + c
 :
The character table of H is
1 a b c
-1 1 1 1 1
-a 1 1 −1 −1
-b 1 −1 1 −1
-c 1 −1 −1 1
and
-˜1 = [3] + [2; 1];
-˜a = [2; 1];
-˜b = [2; 1];
-˜c = [1
3] + [2; 1]: (9)
Example 2.4. Let G;H be as in Example 2.3. Let P1 = {1; a}, P−1 = {1; b} with
1 : P1→G, −1 : P−1 →G de'ned by 1(a) = (12), −1 (b) = (23). Let M (J ) =
M (H; P1; P−1 ; G). Then the sandwich matrix
P=
[
1 (132)
(132) 1
]
and PQP=P, where
Q=
1
3
[
2 + (123) (123)− (132)
(123)− (132) 1− (132)
]
:
We compute that
[˜3] = -1;
][2; 1] = -1 + -a + -b + -c;
[˜13] = -c: (10)
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Note that reciprocity between the characters of G and those of H in the pre-
ceding examples, given by (9), (10). We proceed to establish such a reciprocity in
general.
We begin by de'ning for any class function  of H ,
˜=
∑
a∈J
(aa: (11)
Next we proceed in the reverse direction. Let a ∈ J =LR. Then a= lr for some l ∈ L,
r ∈ R. For a class function  of G, we de'ne a class function  a of H as
 a(h) =
1
|G|
∑
k∈H
∑
g∈G
rgl=khk−1
 (g); h ∈ H: (12)
We note that  a is independent of the choice of r and l. Let a= l1r1, l1 ∈ L, r1 ∈ R.
Then l1 = lko, r1 = k−1o r for some ko ∈ H . Then for g ∈ G, h; k ∈ H ,
r1gl1 = khh−1 ⇔ rgl= (kok)h(kok)−1:
It follows that (12) is independent of r and l. De'ne
 ∼ =
∑
a∈J
(a a: (13)
We will show that if  is a character of G, then  ∼ is a character (possibility zero) of
H . We then call  ∼ a semigroup restricted character of H . We also explicitly construct
the corresponding module. Let V be a CG-module. Let A be as in (6) and let
W =A⊗CG V:
Then W is a left CJ -module:
a(b⊗ v) = ab⊗ v; a ∈ CJ:
Hence
V∼ = eW (14)
is a left CH -module. We note that W and hence V∼ could be zero.
Theorem 2.5. Let ;  be class functions of H and G; respectively. Then
(i) 〈;  ∼〉H = 〈˜;  〉G.
(ii) If  ∈ char H; then ˜ ∈ char G.
(iii) If  ∈ char G; then  ∼ ∈ char H .
(iv) If  is the character of a CG-module V; then  ∼ is the character of the CH -
module V∼.
(v) If  ∈ Irr H; then the components of ˜ are exactly the components of a; a ∈ J .
(vi) If  ∈ Irr G; then the components of  ∼ are exactly the components of  
a; a ∈ J .
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Proof. (i) Let a ∈ J . Then a= lr for some l ∈ L, r ∈ R. By (7), (12),
〈a;  〉G = 1|G|2
∑
x˙;g∈G
(rxgx−1l) (g)
=
1
|G|
∑
g∈G
(rgl) (g) since  is a class function
=
1
|G|
∑
h∈H
∑
g∈G
rgl=h
(h) (g)
=
1
|G|
1
|H |
∑
h;k∈H
∑
g∈G
rgl=khk−1
(h) (g)
=
1
|H |
∑
h∈H
(h) a(h) since  is a class function
= 〈;  a〉H :
Since (a ∈ Q by (4), we see by (11), (13) that 〈;  ∼〉H = 〈˜;  〉G.
(ii) follows from Theorem 2.1 and then (iii) follows from (i).
(iv) Now A is a direct sum of simple algebras:
A=
⊕
∈Irr H
A:
Correspondingly the left CJ -module
W ∼=
⊕
∈Irr H
A ⊗CG V
and the left CH -module,
V∼ ∼=
⊕
∈Irr H
eA ⊗CG V
Let  ∈ Irr H and let / be a primitive idempotent of A. Then
eA ∼= eA/⊗C /A:
Here eA/ is a left CH -module with character  and /A is a right CG-module with
character ˜. Let  be the character of the left CG-module V . Then
dim(/A ⊗CG V ) = 〈˜;  〉G:
Hence the left CH -module eA ⊗CG V has character 〈˜;  〉G. Hence the left CH -
module V∼ has character∑
∈Irr H
〈˜;  〉G=
∑
∈Irr H
〈;  ∼〉H by (i)
=  ∼:
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(v) Let  ∈ Irr H . By Theorem 2.1, any component of ˜ is a component of some
a; a ∈ J . Conversely let 0 ∈ Irr G such that 0 is not a component of ˜. The corre-
sponding central idempotent 10 of CG is
10 =
1
|G|
∑
x∈G
0(x)x:
Hence 2(10) = 0 where 2 is the irreducible representation of CM associated with .
Let r ∈ R, l ∈ L, a= lr. Then
〈a; 0〉G = 1|G|2
∑
x;g∈G
(rxgx−1l)0(g)
=
1
|G|
∑
g∈G
(rgl)0(g) since 0 is a class function
=
1
|G|
∑
g∈G
(r0(g)gl)
= tr 2(r10l)
= 0:
(vi) Let  ∈ Irr G. By (13), any component of  ∼ is a component of  
a for some
a ∈ J . Conversely let  be a component of  a for some a ∈ J . Then
〈a;  〉G = 〈;  a〉H = 0:
By (v), 〈˜;  〉G = 0. By (i), 〈;  ∼〉G = 0. Hence  is a component of  ∼.
Let - ∈ Irr G. We will say that - is J -cuspidal if - is not a component of ˜ for
any  ∈ Irr H . We studied cuspidal characters of 'nite monoids in [8] (with OkniMnski)
when the monoid algebra is semisimple. We studied the general situation in [12] where
in particular some suNcient conditions for being cuspidal were obtained. We are now
able to obtain necessary and suNcient conditions.
Corollary 2.6. Let - ∈ Irr G. Then - is J-cuspidal if and only if for all r ∈ R; l ∈
L; h ∈ H∑
k∈H
∑
g∈G
rgl=khk−1
-(g) = 0:
Proof. By Theorem 2.5(i), - is J -cuspidal if and only if -
∼
=0. By Theorem 2.5(vi),
this is equivalent to -a = 0 for all a ∈ J . The result follows from (12).
Corollary 2.7. Let  ∈ Irr H . If ˜ is irreducible then ˜= e=||e||.
Proof. By (7), e(1)=deg  = 0. So e = 0. By Theorem 2.5(v), ˜ is s scalar multiple
of e. The result follows.
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Corollary 2.8. If  is the trivial character of H; then the trivial character of G is a
component of ˜.
Proof. If - is the trivial character of G, then
〈-; e〉= 1|G|
∑
g∈G
(ege) =
1
|G| |{g ∈ G|ege = 0}|¿ 0:
By Theorem 2.5(v), 〈-; ˜〉 = 0.
Corollary 2.9. Let  ∈ Irr H; deg =1. If J is idempotent-conjugate; then any common
component of  + and  − of degree 1; is a component of ˜.
Proof. Since M (J ) is idempotent-conjugate, M (J ) =M (G; P; P−; H) and
 + = ( ◦ ) ↑ G;  − = ( ◦ −) ↑ G:
Let - be a degree 1 character of G such that 〈-;  +〉G ¿ 0, 〈-;  −〉G ¿ 0. Then by
Frobenius reciprocity,∑
p∈P
-(p)(pe) = 0;
∑
q∈P−
-(q)(eq) = 0:
If g ∈ G \ P−P, then ege = 0. Hence
〈-; e〉G = 1|G|2
∑
x;g∈G
-(g)(exgx−1e)
=
1
|G|
∑
g∈G
-(g)(ege) since - is a class function
=
1
|G|
∑
g∈P−P
-(g)(ege)
=
1
|G||P ∩ P−|
∑
p∈P
∑
q∈P−
-(qp)(eqpe)
=
1
|G||P ∩ P−|
∑
p∈P
-(p)(pe)
 ∑
q∈P−
-(q)(eq)

= 0:
By Theorem 2.5(v), 〈-; ˜〉G = 0.
In [12] we studied balanced monoids: every common component of  + and  − is
always a component of ˜. We showed that when the monoid M is regular, this implies
that the algebra of invariants CMG is quasi-hereditary. By Corollary 2.9, we have,
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Corollary 2.10. Let M be a :nite regular idempotent-conjugate monoid with unit
group G. If all the subgroups of M are abelian; then CMG is a quasi-hereditary
algebra.
Example 2.11. Let G=〈a; b|a4=1=b2; bab=a3〉 denote the dihedral group of degree 4.
Let P = {1; b}, P− = {1; a2b}, M =M (J ) = {G; P; P−; 1}. The character table of G is
1 a a2 b ab
-1 1 1 1 1 1
-2 1 1 1 −1 −1
-3 1 −1 1 1 −1
-4 1 −1 1 −1 1
 2 0 −2 0 0
If  is the trivial character of {1}, then
 + =  − = -1 + -3 +  ;
˜= -1 + -3:
Thus  is not a component of ˜ even though it is a common component of  + and
 −. Hence Corollary 2.9 is not valid for common components of degree ¿ 1. Also M
is not balanced and hence CM is not a quasi-hereditary algebra. So Corollary 2.10 is
not valid without the assumption that the subgroups are abelian.
3. Double parabolic induction
Let G be a 'nite group, L a subgroup of G. If  is a character of L, then we have
the usual induction to a character  ↑ G of G. Let P be a subgroup of G such that
P = Ln U . Then there is another way of inducing  to a character of G:  lifts to a
character ˆ of P, which can then be induced to G. We call this parabolic induction.
This type of induction was popularized by Green [3] and Harish-Chandra [4].
Now suppose P; P− are subgroups of G such that L = P ∩ P−, P = Ln U and
P− = Ln U−. In this situation we introduce a new form of induction that we call
double parabolic induction. We accomplish this by forming the idempotent-conjugate
monoid M = M (J ) = M (G; P; P−; L). Then for a character  of L, we obtain the
semigroup induced character ˜ of G. We reformulate some of the concepts in the last
section in purely group theoretic terms. De'ne 1 : CG→CL by
1(g) =
{
l if g ∈ U−lU;
0 if g ∈ P−P: (15)
Let the right cosets of P− be
P−a1; : : : ; P−am:
Let the left cosets of P be
b1P; : : : ; bnP:
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Then the sandwich matrix
P= (1(aibj))
is an m× n matrix over L ∪ {0}. We can 'nd an n× m matrix
Q= (qji)
over QL such that P=PQP. Then for  ∈ char L, ˜ ∈ char G is given by
˜(g) =
∑
i; j
(1(aigbj)qji); g ∈ G:
If CM is semisimple then ˜ is equal to the parabolic induced characters  + and
 −. So it is only when CM is not semisimple that we get something new.
Example 3.1. Let G = S5, then symmetric group of degree 5. Let L= S3,
U− = {1; (12)(34); (13)(24); (14)(23)}; U = {1; (45)}:
So P− = S4 and P ∼= S3 × S2. The following table compares the parabolic induced
characters  + and  − with the double parabolic induced characters ˜
  +  − ˜
[3] [5] + [4; 1] + [3; 2] [5] + [4; 1] [5] + [4; 1]
[2; 1] [4; 1] + [3; 2] + [3; 12] + [22; 1] [3; 2] + [22; 1] [3; 2] + [22; 1]
[13] [2; 13] + [3; 12] [2; 13] + [15] [2; 13]
Here [(] is the character associated with the partition (.
We now give a suNcient condition for ˜ to be always irreducible.
Proposition 3.2. Suppose P−P = G. Then for all  ∈ Irr L; ˜ ∈ Irr G. Moreover
˜= (1=||0||)0; where 0 is given by
0(g) =
∑
x∈G
(1(xgx−1)):
Proof. Since P−P =G, M is completely regular and every element of J is conjugate
to an element of H (e) ∼= L. Moreover, two elements of H (e) are conjugate in H (e)
if and only if they are conjugate by an element of G. By [10, Corollary 3:3], ˜ is
irreducible for all  ∈ Irr L. The result now follows from Corollary 2.7.
Example 3.3. Let G = S8, L= {1; (12)(34)(56)},
U = A7; U− = 〈(17235864)〉:
Then P = LU = S7, P− = LU− ∼= D8, the dihedral group of degree 8. Also G = P−P.
So Proposition 3.2 applies. Let  be the non-trivial irreducible character of L. Then
 + = [17][1] = [18] + [2; 16]:
Now the alternating character [18] is non-trivial on U−. Hence [18] is not a component
of  −. Hence ˜= [2; 16].
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Example 3.4. Let B be a Borel subgroup of a 'nite Lie type group G. Let P; P− be
non-standard opposite parabolic subgroups of G, L=P∩P−, P=LnU , P−=LnU−.
Let P1=P∩B, P−1 =P−∩B, L1=L∩B, U1=U ∩B, U−1 = U−1∩B. Then P1=L1nU1,
P−1 = L1n U
−
1 , B = P
−
1 P1. Hence Proposition 3.2 applies to B. So double parabolic
induction yields an explicitly given irreducible character of B for any irreducible char-
acter of L1.
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